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Introduction
Indentation is a well-known technique used to probe the mechanical properties of small volumes of materials, especially thin films. The main requirement for an indentation sample is that the indented surface is sufficiently smooth to obtain reproducible results; no further special sample preparation is needed. During indentation, the applied load and the tip displacement are continuously recorded. From such data, mechanical properties, such as the elastic modulus or the yield stress of the materials, can be extracted using various methods, depending on the deformation regime and tip geometry. In all indentation analysis models, the estimated accuracy of mechanical properties is strongly related to an accurate determination of the contact area between the indenter tip and the material surface, which is not always straightforward. The main difficulty is that, for most materials, the contact area cannot be estimated directly from the measured tip indenter displacement. Figure 1 illustrates the fact that the measured displacement of the tip (h) is, in practice, hardly ever equal to the contact depth (h c ). h c is the depth over which the tip and the surface make contact and, knowing the tip's geometric shape, this determines the (projected) contact area. At the vicinity of the tip, the surface can sink-in (on the right in Figure 1 ) or pile-up (on the left in Figure 1 ).
For the especial case of frictionless contact of a spherical indenter with a flat, linearly elastic half space, the surface will sink-in in such a way that the contact depth (h c ) is equal to half the tip displacement h. For small displacements with respect to the tip size (radius), the projected contact area for spherical indentation is given by [1] :
where A p is the projected area, a is the contact radius, R is the tip radius and h is the tip displacement defined by:
where h c is the contact depth and h p the difference between the displacement and the contact depth (see Figure 1 ). In general, the projected contact area is defined as a function of the contact depth by a simple geometric relation:
where h c is the contact depth. Unfortunately, when plastic deformation in addition to elastic deformation also occurs, no analytical solution exists that describes the relationship between the actual contact depth and the experimentally measured tip displacement. Therefore, the contact area cannot be determined directly from the load-displacement curves, which makes it impossible to determine the mechanical properties without assumptions or approximations about the contact area. Popular methods to determine mechanical properties from indentation were proposed by Oliver and Pharr for a Berkovich tip [2] and by Field and Swain for a spherical tip [3] . Essentially, the method is based on elastic contact theory of symmetric indenters. Plastic deformation, in addition to purely elastic strains, is assumed to result only in a shift of the total indentation depth and not in a change of the nature of the surface deformation near the contact. The final analysis, therefore, is a purely elastic analysis of the (elastic) unloading part of the indentation curve. In principle, the method is not applicable to materials exhibiting pile-up or extensive sink-in. In daily practice, calibration procedures involving the fitting of a polynomial function, which describes the relationship between the projected contact area and the indentation depth, indirectly compensate for this flaw in the method. However, this compensation is only valid for the material used for the calibration, which is usually fused silica. Pile-up, which may occur in many metals and in polymers, can lead to significant errors in the determination of the contact area. Using finite element simulations, it was shown that the Oliver and Pharr method may significantly underestimate the contact area when the material piles-up [4] . The amount of pile-up depends on the ratio of the elastic modulus to the yield stress and on work-hardening properties. For a large ratio and little or no work hardening, the material will exhibit a pronounced pile-up. In contrast, an increase in work hardening will tend to inhibit the pile-up. Compared to Berkovich indentation, the situation is more complex for spherical indentation, as the amount of pile-up is a function of the indentation depth [5] . Some methodologies, other than Oliver and Pharr method [4] , attempt to account for the lack of knowledge of the true contact area in instrumented indentation [6] [7] [8] , in particular for metals. In these approaches, however, the problem is that a single indentation load-displacement curve can have multiple solutions for the mechanical properties, except for special cases. A unique solution of the problem, again, can only be obtained if the actual evaluation of the contact area is known.
It should be mentioned that the numerical model used in [5] to study the pile-up is based on an elasto-plastic constitutive model with strain hardening, which is appropriate for a class of metals. Compared to metals, glassy polymers possess more complex, intrinsic behaviour, namely a more pronounced strain rate dependence of yield stress and a postyield region displaying strain softening as well as strain hardening. These intrinsic properties result in an evolution of the contact area during indentation that cannot be described with common metal models since these do not capture the specific, intrinsic features.
Over the last 20 years, considerable effort has been made to model the post-yield behaviour of glassy polymers and a number of 3D numerical models have been developed and validated, by Boyce et al. at MIT [9] [10] [11] , Paul Buckley et al. in Oxford [12] [13] [14] and our own group in Eindhoven [15] [16] [17] . Common factors of these models are the application of a stress-dependent viscosity to capture the deformation kinetics and the use of rubber elasticity to model strain hardening.
We will use our numerical model to investigate the evolution of the contact area during spherical indentation on polycarbonate. The simulations will be validated using a recently developed technique, the instrumented indentation microscope [18, 19] , which enables direct measurement of the contact area during indentation.
Mechanical properties of glassy polymers: phenomenology
Intrinsic behaviour is defined as the response of the material under homogenous deformation. In general, the intrinsic behaviour of amorphous polymers, such as polycarbonate, polystyrene or polymethylmethacrylate, exhibits a non-linear viscoelastic regime at low deformation followed by yielding and complex post-yield behaviour. After yielding, the true stress drops with increasing plastic strain (strain softening) and, finally, increase again at larger deformation (strain hardening).
This response is dependent on temperature, pressure and thermodynamic state. An illustration of the influence of deformation rate on polycarbonate (PC) is shown Philosophical Magazine 1293 in Figure 2a . With an increasing strain rate, the yield stress increases, leading to a shift in the total plastic response to higher stress. Contrary to the yield stress, the strain softening is rate-independent. Figure 2b shows the influence of the material's thermal history on plastic response. By annealing the sample, the yield stress and strain softening will increase. It should be noted that the response at large deformations is independent of thermal history. At large deformation, the effect (of thermal history) has been erased by the plastic deformation, i.e. the material returns to the rejuvenated state. In such a state, the intrinsic response of amorphous polymers exhibits no strain softening, as illustrated in Figure 2 .
Modelling 3.1. Constitutive modelling
In previous work, we developed a 3D elasto-viscoplastic constitutive equation that accurately captures the deformation characteristics of polymer glasses [15, 16, 20, 21] . The basis of this constitutive model is the division of the total stress into two contributions, first proposed by Howard and Thackray [22] :
in which p r denotes the strain-hardening contribution attributable to molecular orientation of the entangled network, modelled using a Neo-Hookean elastic expression [16, 23] :
where G r is the strain-hardening modulus,B is the isochoric left Cauchy-Green deformation tensor, and the superscript d denotes that we take the deviatoric part. The so-called driving stress p s in Equation (4) accounts for the rate-dependent plastic flow response, attributed to intermolecular interactions on a segmental scale [15, 21] and is represented by a compressible Leonov model [20, 24] :
where K is the bulk modulus and G is the shear modulus. The relative volume change J and the isochoric elastic left Cauchy-Green deformation tensorB e are implicitly given by:
The left-hand side of Equation (8) represents the (objective) Jaumann derivative of the isochoric elastic left Cauchy-Green tensor. D denotes the rate of deformation tensor and D p is the plastic rate of deformation tensor. To complete the constitutive description, the plastic deformation rate is expressed in the Cauchy stress tensor by a generalized nonNewtonian flow rule:
Under isothermal conditions, the nonlinearity of the model is completely governed by the stress-, pressure-and state-dependent viscosity , defined as [21] : ), represents the stress-dependent part of the viscosity governed by the parameter o . Part (II) is the pressure-dependent part, governed by the pressure dependence parameter and the hydrostatic pressure p (defined as p ¼ À1=3trðr s Þ). The combination of part (I) and (II) gives a rate-dependent plastic flow response according to the pressure-modified Eyring flow expression [25, 26] . Finally, part (III) represents the dependence of viscosity on physical ageing and rejuvenation (strain softening), and thus on the temperature-and deformation history. The parameter S a can be regarded as a state parameter that uniquely determines the current state of the material. Evolution of S a with time allows us to capture the change in mechanical properties over time as a result of physical ageing. In the present investigation, we will only consider materials with different initial S a values (obtained by application of different thermal histories).
The function R in Equation (10) describes the strain-softening process that is the erasure of thermal history by plastic deformation. It is expressed as:
Philosophical Magazine 1295 where r 0 , r 1 and r 2 are fitting parameters, and p denotes the equivalent plastic strain (defined as
). The essence of the influence of physical ageing and strain softening, modelled by the state parameter S a (Equation (10)), is illustrated in Figure 3a , which shows the strain-rate dependence of the yield stress resulting from Equation (10) . In the reference state, i.e. the fully rejuvenated state, the parameter S a will be initially equal to zero. With physical ageing (also during processing), the value of S a will increase, which leads to a shift of the yield stress-strain rate along the log (strain rate) axis. At a constant strain rate, the result will be an increase in yield stress compared to that of the rejuvenated state. Upon deformation, the increasing equivalent plastic strain p triggers strain softening (Equation (11)) and the yield stress shifts back to the rejuvenated state. As a result of rejuvenation due to deformation, the yield stress drops with increasing strain and the intrinsic stressstrain curve evolves back to that of the rejuvenated state at large strains (see Figure 3b) .
For polycarbonate (PC), the parameters in the model (see Table 1 ) [21] ) proved to be independent of the molecular weight distribution and the key parameter, needed to adjust for differences in thermal history (illustrated in Figure 2b ), is the initial value of the state parameter S a .
Indentation modelling
In the present model, the viscoelastic elastic regime is approximated with compressible, linear-elastic behaviour. To correctly describe the post-yield response, the elastic modulus is generally chosen, such that the yield strain is accurately predicted (Figure 4a ). This is justified for problems in which large strains are predominant. For polycarbonate, this yields a value of 900 MPa [17] , which is much smaller than the 2200-2400 MPa generally observed. For indentation, where the elastic deformation will also significantly contribute at larger depth, a drastic underestimation of the material resistance will be obtained when the chosen modulus is too low. Two possibilities are available to resolve this problem. The first is to use a so-called multimode approach to describe the complete pre-yield viscoelastic behaviour. In previous work, we showed that the behaviour can be accurately captured by a parallel arrangement of 18 modes [15] . Unfortunately, this solution increases tremendously the computation time and will, therefore, not be used. The second possibility consists of a simple increase in the elastic modulus, which requires adaptation of another single parameter, o , to ensure that the post-yield response remains identical (Figure 4b ). In this case, the modelled yield strain will be smaller than the experimental one. The new set of parameters used for the indentation simulation is presented in Table 2 .
Simulations are performed using the Marc/Mentat finite element package. The finite element mesh used for the simulation is depicted in Figure 5 . Axisymmetric quadrilateral linear elements were used. The total domain shown in Figure 5 has dimensions of 1 Â 1 mm and consists of 2192 nodes and 2061 elements. The mesh becomes more refined towards 
Philosophical Magazine 1297
the region of contact ( Figure 5 ) and the size of the elements, which come into contact with the indenter, are about 300 nm. The indenter was modelled as a rigid sphere with a radius of R ¼ 100 mm. The contact radius was estimated by the y-coordinate of the last node in contact. The accuracy of the estimated contact radius, limited by the discretization, was 0.0015R, comparable to the experimental accuracy. Since preliminary computations showed that friction did not influence the results significantly up to indentation depths of h/R ¼ 0.15, we performed all simulations assuming frictionless contact.
Materials and experimental methods

Materials
The material used in this study was polycarbonate (Makrolon, Bayer), obtained in the form of extruded sheets of 3 mm thickness. Prior to the indentation tests, the sheet roughness was determined using a commercial atomic force microscope (Digital Instruments, Nanoscope IIIa) operating in tapping mode. A mean roughness, R a , of about 5 nm was measured. From the extruded sheet, 10 Â 10-mm samples were cut. For half of the samples, no further heat treatment was applied prior to indentation. The other half was annealed at 130 C for 24 h in an air-circulated oven and, subsequently, cooled down slowly to room temperature.
Optical indentation microscope
To make in situ observations of the contact area during indentation tests, a unique indentation device was designed using a transparent indenter coupled with a microscope and a CCD camera ( Figure 6 ) [18, 19] . The tip of the indenter is optically aligned to a microscope and a CCD video-camera, and the contact area observed through the indenter tip. At the maximum magnification, the inaccuracy in the lengths measured on videoimages is AE0.5 mm. The depth of penetration (h) is measured by a couple of linear transducers and the indentation load (P) is monitored by a load cell. Here, a diamond cone indenter (apex angle of 90 ) with a tip radius, R, of 100 mm was used. Hence, the accuracy of the contact radius measurement was 0.005R. The used tip geometry offers the possibility of fully exploiting the advantage of the axisymmetry condition for the numerical simulation and reducing the number of elements. Using the instrumented indentation microscope, the contact area can be determined directly without approximation or assumption.
Indentation tests were performed at a displacement rate of 0.1, 1 and 5 mm/s up to a maximum load of approximately 1 N, followed by unloading at the same displacement rate. Since the main interest was in the loading, no holding time at maximum loading was applied.
For the load relaxation tests, the indenter penetrated into the sample at a speed of 1 mm/s until a maximum force of approximately 1.1 N was reached. The depth of penetration was then fixed at the value at the peak load during load relaxation.
Results and discussions
Experimental determination of the contact area
Using the instrumented indentation microscope, the contact area was continuously recorded during indentation tests. Figure 7a shows the development of the contact area during loading. The images were captured in situ during indentation tests on PC. Figure 7b shows the state of the deformation corresponding to the images. As expected, the contact area increases gradually with increasing indentation depth (Figure 7a ). 
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The diameter of the contact radius is determined from the images using an imageprocessing program. From the obtained contact radius a, the contact area A p is subsequently calculated as A p ¼ a 2 , and then plotted against the penetration displacement h in Figure 7c . For the lower indentation depths (up to 1.8 mm), the experimental contact area as function of the displacement shows a linear dependence, indicating an Hertzian contact (Figure 7c ). At deeper indentation depth, this trend gradually deviates from linearity, indicating the occurrence of plastic deformation.
Numerical simulation versus experiments
To complete the constitutive model for our materials, the state parameter S a must be determined, in addition to the known parameters listed in Table 2 . This was done by carrying out macroscopic tensile tests on the as-received and the annealed materials. Experiments were performed at an engineering strain rate of 10 -3 s on samples with geometry according to ISO 527. Numerical simulations of the tensile tests were performed using the 3D tensile bar geometry and S a values were subsequently increased until the simulated yield stress agreed well with the experimental stress. For the as-received PC, a yield stress of 63 MPa gives a value of 31.7 for S a . For the annealed material, a yield stress of 71 MPa corresponds to a value of 39 for S a . The experimental indentation tests, performed with the optical indentation microscope, were then simulated using these values for the state parameter. A direct comparison between the numerical simulation and experiments, shown in Figure 8 , proves that the model can perfectly predict the experimental load-displacement curve (Figure 8a) as well as the evolution of the experimental contact area during the indentation tests (Figure 8b ). At small indentation depth, the contact follows a Hertzian description; hence, it is purely elastic. In contrast, at deeper indentation depth, the curves gradually deviate from the Hertzian contact due to onset of plastic deformation. In addition, it is observed that annealing leads to a shift in the load-displacement curve towards higher force at the same indentation depth and a shift towards a deeper indentation depth for the same contact area (Figure 8 ). In general, these observations are in agreement with an extension of the elastic range due to an increase in yield stress. Annealing leads to an increase in yield stress and, therefore, it extends the elastic range.
Since mechanical properties of glassy polymers are time-dependent, the effect of the indentation speed on the evolution of the contact area was also investigated. Simulation of indentation tests on the as-received polycarbonate at different speeds (0.1 and 5 mm/s) were, therefore, performed and compared with the experiments. Figure 9 presents this comparison and shows that the model perfectly predicts the experimental load-displacement curve (Figure 9a) , as well as the evolution of the contact area during indentation at different speed (Figure 9b ). Again the curves follow the Hertzian contact at low displacement and gradually deviate at larger displacement after the onset of plastic deformation. Moreover, an increase in speed leads to an increase in yield stress; thereby prolonging the elastic range during the indentation.
A difference of a factor 50 in speed leads to a difference of 5 MPa in the yield stress between the lowest and highest speed. In addition, the difference in yield stress between the as-received and annealed PC is 8 MPa. Although the influence on yield strength of the 
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annealing step is more pronounced than indentation speed (in the range 0.1-5 mm/s), it can be seen from a comparison of Figures 8 and 9 , that the thermal-history effect induces a slightly smaller effect on the evolution of the contact area than the speed. This agrees well with the fact that, by increasing the speed, the complete intrinsic response of the PC is shifted to higher stress, whereas thermal history only induces differences in the intrinsic response close to the yield stress (see Figure 2 ).
Large deformation investigation: pile-up
To further investigate the effect of the thermal history on the evolution of the contact area, we performed numerical simulations of indentations to large indentation depth for two extreme values of S a , namely 0, which is the completely rejuvenated state, and 30, further referred as slightly annealed, for a speed of 0.1 mm/s. The difference in intrinsic behaviour between these two materials is illustrated in Figure 2b . Figure 10a presents the calculated contact-area evolution during indentation for both cases. At indentation depths smaller than 20 mm (i.e. h/R50.2), the curves exhibit a similar trend as that observed in Figure 8b , i.e. a shift in contact-area evolution towards larger depths with increasing value of S a . Remarkably, however, this trend is reversed for larger indentation depths (420 mm), i.e. a shift in contact-area evolution towards smaller depths with increasing value of S a . This trend inversion is clearly coupled to the presence of strain softening in the case of S a ¼ 30 and not to a simple increase in yield stress. This is supported by the results in Figure 10b of simulations on indentation of the rejuvenated material (S a ¼ 0) at two different speeds (0.1 and 10 mm/s). The increase in indentation speed will lead to an increase in yield stress, but for both speeds strain softening is absent (S a ¼ 0).
It should be noted that these results were obtained assuming frictionless contact. A recent investigation into metals indicates that friction could significantly affect the indentation results when extensive pile-up occurs [27] . For polymers, this has not been verified yet.
Since the evolution of contact area is related to contact geometry, i.e. pile-up or sink-in, we now plot the surface profile at the vicinity of the tip obtained for S a ¼ 0 and S a ¼ 30 at different indentation depths (Figure 11 ). This figure shows that, at low depth, the surface exhibits the same sink-in profile for both the annealed and rejuvenated material. At large indentation depth, numerical simulation shows that the annealed material piles-up whereas the rejuvenated material sinks-in near the tip.
The inversion trend in contact-area evolution observed in Figure 10a results from the difference in contact geometry, which is determined by post-yield behaviour. In general, strain softening will promote strain localization phenomena [28] . The occurrence of pile-up for the annealed material appears to be a related phenomenon. This becomes especially clear if we look at Figure 12 , which represents the surface profile at the maximum depth. It can be seen that for both materials, the surface will pile-up but the effect is much more pronounced for S a ¼ 30. Moreover, even if the surface piles up for the rejuvenated material, it does not affect contact-area evolution. The reason is that the first contact point between the surface and the tip (D in Figure 12 ) is lower than the free surface. This indicates a sink-in contact, which is consistent with observations from Figure 11 . For the slightly annealed material, an opposite situation is observed. The differences between the two materials are caused by the strain-softening behaviour of the annealed material that localizes the deformation close to the contact region, whereas the absence of strain softening for the fully rejuvenated sample distributes the deformation over a larger volume of the material. 
Relaxation
Load relaxation indentation was performed and simulated for an as-received polycarbonate sample, for which no further heat treatment was applied, using the experimental conditions described in section 3.2. It should be noted that our model only considers plastic effects and no viscoelastic relaxation is incorporated. The intention is to estimate the contribution of plasticity to stress-relaxation phenomena during indentation. Figure 13 represents the simulation of the load relaxation test, using only a plastic model, compared with the experiments. It is shown that the simulated plastic contribution represents a substantial value of $40% of the observed force relaxation.
Conclusion
The evolution of contact area between a spherical indenter and a polycarbonate surface was measured in situ using an especially designed instrumented indentation microscope. Indentations on PC samples with two different thermal histories were performed at two different speeds and subsequently compared with numerical simulations carried out using an advanced elasto-plastic constitutive model for polycarbonate. The parameters used in the constitutive model were determined using tensile tests. For all cases, the numerical model perfectly predicted the development of the contact area during indentation. The results show that, by annealing or increasing the speed, the purely elastic range is extended during indentation due to the increase in yield stress, which leads to a decrease in contact area at equal indentation depths. Using numerical simulation, it was also shown that the post-yield behaviour of the material has a dominant influence on contact geometry, which may exhibit pile-up or sinkin. In particular, pile-up results from localization effects and is, therefore, promoted by strain softening.
Finally, in load-relaxation indentation of polycarbonate using our model, we found that, in addition to possible viscous effects, approximately half of the total relaxation is constituted by plasticity.
